We compare Monte Carlo results for the interface tension and interface energy of the 3-dimensional Ising model with Padé and inhomogeneous differential approximants of the low temperature series that was recently extended by Arisue to 17 th order in u = exp(−4β). The series is expected to suffer from the roughening singularity at u ≈ 0.196. The comparison with the Monte Carlo data shows that the Padé and inhomogeneous differential approximants fail to improve the truncated series result of the interface tension and the interface energy in the region around the roughening transition. The Monte Carlo data show that the specific heat displays a peak in the smooth phase. Neither the truncated series nor the Padé approximants find this peak. We also compare Monte Carlo data for the energy of the ASOS model with the corresponding low temperature series that we extended to order u 12 .
Introduction
Properties of the interface separating coexisting phases of the 3-dimensional Ising model have found continuous interest in the literature.
The Ising interface undergoes a roughening transition at an inverse temperature β r = 0.4074(3) [1] that is nearly twice as large as the bulk transition coupling β c = 0.221652(3) [2] .
The roughening transition is believed to be of the Kosterlitz-Thouless (KT) nature [3] , with the surface free energy having an essential singularity at β r of the type
Though the free energy and all its derivatives with respect to β stay finite at the roughening point, one has to expect that low temperature series for interface properties suffer from the transition. The first low temperature expansion of the 3D Ising interface tension σ was given by Weeks et al. to 9 th order in the variable u = exp(−4β). Shaw and Fisher [4] analyzed the series with the help of Padé and inhomogeneous differential approximants. They claimed that the Padé and differential approximants allow to compute the surface tension accurately for temperatures below the roughening point.
Recently, Arisue put forward the series to 17 th order in u [5] . It is interesting to note that the coefficients of the series change their sign at order 13 . This behavior does not come unexpected and confirms that the roughening transition of the Ising interface is of Kosterlitz-Thouless type: Expanding eq. (1) in the variable u, one also obtains a series with coefficients that change their sign at a certain order. The order where the change of sign happens depends on the non-universal parameters A and β r .
A completely independent method to study the Ising interface is the Monte Carlo method [6] . For recent Monte Carlo work on the 3D Ising interface see, e.g., [7, 8, 9, 10, 11, 12] and references cited therein.
In [9] , we reported on a numerical study of properties of the Ising interface over the whole range from low temperatures up to the bulk critical point. In particular we determined the surface energy and, by integration over β, also the surface free energy and surface tension.
In this paper, we give a more detailed account of the numerical results and compare them with Padé and inhomogeneous differential approximants for the extended low temperature series. In order to demonstrate that the disagreements of series and numerical data are not due to finite size effects, we provide data for various lattice extensions and demonstrate that the systematic errors in the determination of surface energy and surface tension are under control.
The ASOS (absolute value solid-on-solid) model in two dimensions is an approximation of a phase separating surface in a 3-dimensional Ising model. The approximation neglects overhangs of the surface and fluctuations of the bulk phases. For temperatures being low compared to the bulk critical temperature of the Ising model this approximation should describe the Ising surface quantitatively rather well. We extended the existing low temperature series for the ASOS model to 12 th order and compared its Padé approximants with Monte Carlo results that we obtained with the VMR cluster algorithm [13] . This paper is organized as follows. In section 2 we introduce the notation for the 3D Ising model and its ASOS approximation. We also define the interface tension and discuss the problem of how to obtain it from simulations of finite lattices. The algorithms used for the Monte Carlo simulations are specified in section 3 . In section 4 we quote the results and compare them with extrapolations of low temperature series. Conclusions are given in section 5.
The Models and Quantities Studied 3-Dimensional Ising Model
We consider a simple cubic lattice with extension L in x-and y-direction and with extension t in z-direction. The Ising model is defined by the partition function
The Hamiltonian H is a sum over nearest neighbor contributions,
The interaction energy is normalized such that β = J/k BT , where k B denotes Boltzmann's constant, J is the interaction energy, andT is the temperature. The lattice becomes a torus by defining that the uppermost plane is regarded as the lower neighbor plane of the lower-most plane. An analogous identification is done for the other two lattice directions. For the Ising spins σ we use two different boundary conditions: Periodic boundary conditions are defined by letting k ij = 1 for all links < i, j > in the lattice. To define antiperiodic boundary conditions in z-direction, we also set k ij = 1 with the exception of the links connecting the uppermost plane with the lower-most plane. For these links we set k ij = −1.
Let us define
where the subscript a (p) means antiperiodic (periodic) boundary conditions. The surface tension can be defined as the limit
With numerical simulations only a rather limited range of L and t values is accessible. Hence a careful discussion of finite size effects is needed. Let us express the partition functions of the periodic and antiperiodic Ising system in terms of the transfer matrix T . The antiperiodic boundary conditions are represented by a spin-flip operator P that flips the sign of all spins in a given z-slice.
The partition function of the periodic system is given by Z p = TrT t , while the partition function of the antiperiodic system is given by Z a = TrT t P . The operators T and P commute and thus have a common set of eigenfunctions. Say the eigenvalues of T are λ i and those of P are p i . The possible values of p i are 1 and −1. The partition functions take the form Z p = i λ t i and Z a = i λ t i p i . Let us consider the ratio of the partition functions in the broken phase of the model. Here the two largest eigenvalues λ 0s and λ 0a are much larger than the other eigenvalues [14] . (The subscripts s and a label eigenfunctions with p = 1 and p = −1, respectively.) Hence the ratio of the two partition functions can be well approximated by
The corrections are of order (λ 1s /λ 0s ) t . This means that the extension t of the lattice in z-direction has to be much larger than the bulk correlation length ξ. For ξ 0a >> t (ξ 0a = −1/ ln(
) is the tunneling correlation length) we can write
Notice that within this approximation the derivative of G with respect to β does not depend on t.
According to this discussion, if ξ << t << ξ 0a then already for finite L a surface free energy is rather well defined by
Phenomenologically one can interpret this situation as follows: The lattice is short enough that the creation of interfaces in the system with periodic boundary conditions is sufficiently suppressed while for the system with antiperiodic boundaries only the interface induced by the boundary conditions is present. On the other hand the extension of the lattice is large enough not to restrict the fluctuations of the interface.
In order to discuss the L dependence of the surface free energy a model for the surface is needed.
Theoretical studies of the interface are based on the SOS (solid-on-solid) approximation which essentially neglects overhangs and bulk fluctuations. SOS models predict that the roughening transition is of the Kosterlitz-Thouless type [15] . That the Ising interface at the roughening point is indeed in the same universality class as various SOS models was demonstrated by Hasenbusch using a renormalization group matching procedure [1] . For large β there are also rigorous results from linked cluster expansions. Borgs and Imbrie have shown [16] for sufficiently large β, i.e., when the interface is smooth, that
It is believed that this result holds for all β > β r .
A model for the interface in the rough phase is the capillary wave model [17] . In its quadratic approximation it essentially states that the infrared fluctuations of the interface are massless Gaussian. This assumption has been verified numerically in a number of cases, see e.g. [9] . The massless Gaussian dynamics leads to the following finite L behavior of the surface free energy in the rough phase [18, 19, 20, 21] :
Gelfand and Fisher [22] predicted in addition a logarithmic dependence of the surface free energy on the lattice size. They did not take into account a prefactor L in the partition function that arises when the average position of the interface is fixed via a δ-function.
At the roughening transition one has still a Gaussian fixed point, however, with logarithmic corrections. Hence eq. (10) should be still valid for sufficiently large L.
It is difficult to compute free energies directly by Monte Carlo (however, cf. [11] ). But the derivative of G with respect to β is a quantity that can be computed by Monte Carlo:
G can then be obtained by integration over β:
where β 0 is arbitrary. In the case that there is only one interface in the system, E s is the surface energy. The surface energy per area is defined as
In [9] we used the method of 'integration over β' to determine the surface free energies for a wide range of temperatures, for L = 8, 16, 32, 64. We found that the surface free energy can be fitted accurately with eq. (10). We thus identify the coefficient σ in front of the factor L 2 with the surface tension.
ASOS Model
The ASOS model is the solid-on-solid approximation of an interface of a 3D simple cubic lattice Ising model (on a (001)-lattice plane). It lives on a two-dimensional square lattice of size L by L. The partition function is
with h i integer. We shall study the quantity
In the ASOS limit of the Ising model the inverse temperatures of the two models are related by
In the same limit, there is the following relation between the surface energies:
for corresponding β values. The most recent estimate for the roughening coupling of the ASOS model is β r,ASOS = 0.8061(3) [23] .
Monte Carlo Algorithms
Ising Model
Cluster Algorithm for the Ising Interface
For the production of the Monte Carlo results of ref. [9] and for part of the new results to be presented below we employed the Ising interface cluster algorithm of Hasenbusch and Meyer [24] . A detailed description of this algorithm can be found in [9] . There we computed besides the surface energies also nonlocal quantities like the surface thickness and block spin correlation functions. The cluster algorithm proved to be very efficient for this purpose.
Local Demon Algorithm for the Ising Model
When the focus is on the determination of the energy with antiperiodic boundary condition, it is helpful to use a local algorithm instead of the cluster algorithm. It is much easier to adapt a local Monte Carlo algorithm for vectorization, parallelization or multi-spin coding. It turned out that the energy of the system with antiperiodic boundary conditions does almost not couple to the slow modes of the local algorithm.
For the update of the 3-dimensional Ising model we therefore also used a microcanonical demon algorithm [25, 26, 27] in combination with a particularly efficient canonical update [28] of the demons. The algorithm is implemented using the multispin coding technique [26, 27] . Every bit of a computer word carries one Ising spin. In order to avoid restrictions of the geometry of the systems 32 independent systems are run in parallel. The demon carries three levels carrying the energies 4, 8 and 16. The number of demons is chosen to be equal to the number of lattice sites.
The simulation is done by performing a cycle of 5 groups, where each group consists of a microcanonical update of the spin demon system and a translation of the demon layer with energy 4,8, or 16 (alternating). Each group is finished by updating the demons with energy 4. The hole cycle is completed by updating the demons with energy 8. The canonical update of a demon layer consists of the following steps [28] :
1. calculate the total number N old of demons in that layer carrying energy 2. calculate a new total number N new of demons with energy according to the probability
where n E is the number of demon states having the total energy E Combined with shifts and translations of the demons such an update of the demons should be almost as good as a heat bath for every single demon.
In table 1 we quote the performance of our algorithm on various workstations. For comparison we also cite the performance data of algorithms of other authors on different supercomputers in table 2.
VMR Algorithm for the ASOS Model
The results for the energy of the ASOS model cited in this paper were obtained with the help of the VMR (valleys-to-mountains-reflection) algorithm introduced in [13] . The basic idea of this algorithm is to define valleys and mountains by cutting the configuration of height variables with a reflection plane. The flip of a cluster of spins can be regarded as reflecting a valley to a mountain (or vice versa). This type of algorithm has proved very successful for various SOS models.
Discussion of Results

Ising Model The Surface Energy
We first explain how we obtained estimates for the surface energy defined in eq. (11). The quantity H a was always computed using either the interface cluster algorithm or the local demon algorithm. For the determination of the energy with periodic boundary conditions we used a Padé approximant of the low temperature series for the energy (for details cf. [9] ). The series was put to order 24 in u = exp(−4β) by Bhanot et al. [29] and a little later to order 32 by Vohwinkel [30] . In [9] , we found by comparing with Monte Carlo results, that the use of the Padé approximation was safe for β ≥ 0.26 for L = 8, β ≥ 0.24 for L = 16 and L = 32, and for β ≥ 0.235 for L = 64. For the range of couplings that we want to focus on in this paper (β ≥ 0.35), the use of the Padé approximant is safe (for the accuracy required).
When computing the surface energy per area ǫ s one has to deal with systematic effects from the finite extension of the lattice in t-and in L-direction. 1 First we carefully studied the t-dependence of the surface energy for three different β-values, namely β = 0.45 (which is in the smooth phase of the interface), β = 0.4074 (the roughening point) and β = 0.3500 (which is in the rough phase of the interface, but still far away from the bulk critical point). The results for ǫ s for interfaces with extension L = 4, 8, 16, 32, 64 and for lattices with various values of t are quoted in the tables 3, 4 and 5. The statistics is as follows: For the runs with the cluster algorithm we performed 400 000 measurements, separated by an update step made up from generating and flipping 8 clusters of two different types, cf. [9] , and a subsequent Metropolis sweep. For the runs with the demon algorithm we made 100 000 measurements on each of the 32 independent copies, separated by always 5 cycles as described in section 3. For some sets of parameters we made runs with two different random number generators and found perfect consistency. As a further check we compared Monte Carlo results for L = t = 4 with the exact result for the energy.
An inspection of the tables reveals that (for fixed L) the estimates for ǫ s are consistent within error bars for t ≥ 4 and β = 0. 45 . For β = 0.4074 we find consistency for t ≥ 5 if L ≤ 32 and for t ≥ 6 if L = 64, cf. the discussion of finite t effects in section 2. In this context it might be interesting to note that the bulk correlation length ξ which governs the exponential decay of the connected correlation function is 0.2809 for β = 0. 45 . For β = 0.4074, one has ξ = 0.3162, and for β = 0.35 the correlation length is ξ = 0.3897. These estimates are based on a Padé evaluation of a low temperature series by Arisue and Fujiwara [31] . Correlation length estimates from the series truncated at 13 th order for β = 0.35 differ from the Padé approximants in the third digit.
Using the safe values of t found for the smaller β-values we computed the interface energies presented in table 6 for the range from β = 0.35 to β = 0.6 in steps of 0.01 or 0.005. The table also contains estimates for the L = ∞ interface energy from the low temperature series, truncated at 17 th and at 12 th order, cf. the discussion below. Concerning the convergence of the surface energies to the infinite L limits we make the following observations: For β ≥ 0.45 we find that (within the statistical accuracy obtained) the estimates converged well, consistent with exponentially small L-corrections. Of course, the convergence becomes better for larger β.
In the rough phase the interface energy is expected to behave like A + B L 2 . We fitted the β = 0.35 data for L ≥ 8 and t = 13 with this ansatz and found A = −5.96(47) and B = 3.70428(9) with χ 2 /dof = 1.135.
2
At the roughening transition the situation is more difficult. We studied the differences E s (2L) − E s (L) for L ≤ 64 and found that this quantity scales down with a factor of at least 3 always when L is doubled. This gives us confidence that E s (∞) − E s (128) is not bigger than E s (128) − E s (64) = 0.0022(1). 1 For a study of finite size effects in a previous high precision simulation performed by Ito see [12] 2 Infinite L-extrapolations according to the law A + B L 2 for data in the rough phase were also done by Ito [12] The estimates for the interface energies can be compared with results from the low temperature expansion of the same quantity. The series for the interface tension is
The coefficients up to order u 9 in the low temperature variable u = exp(−4β Ising ) were first determined by Weeks et al. They can be found in a paper by Shaw and Fisher [4] . The higher coefficients (order u 10 through u 17 ) were computed recently by Arisue [5] . The coefficients a n are quoted in table 9 . In order to get ǫ s from σ, one has to differentiate eq. (18) figure  2 . Notice the much larger scale of the y-axis in this plot compared to figure 1. The Padé approximants scatter a lot, especially around order 13 where the series changes its sign. If one looks only at order ≤ 12, the truncated series seems to be even superior to the Padé approximations.
The scenario becomes even more drastic if one proceeds to the roughening region. In figure 3 we show the comparison of the different approximations at the roughening point β = 0.4074. Here obviously neither the truncated series nor the Padé approximants lead to a reasonable approximation.
The Surface Tension
The estimates for the surface tension quoted in this paper were obtained with the method described in [9] . surface energy we determined the surface tension using the method of 'integration over β' as outlined in section 2. In [9] we used two different starting points β 0 for the integration, namely β 0 ≈ β c and β 0 = 0. 6 . Both methods yielded compatible results. In table 7 we quote our new results obtained by starting the integration at the following β values: For L = 8 and L = 16 we took β 0 = 0.545, for L = 32 we used β 0 = 0.515, and for L = 64 we started the integration at β 0 = 0. 495 
By the very definition this quantity converges to the interface tension in the infinite L limit, however, with stronger finite size effects than definition eq. (10). So looking at the variation of σ(L) gives one a feeling of the maximal systematic error possible. It is also instructive to obtain estimates for σ based on the law eq. (10), however, using just pairs of adjacent L-values. Then no fit is needed. In table 8 we quote these quantities for β = 0.402359 (which corresponds to u = 0.2) and for β = 0. 45 . We adopt the following rule for the estimation of a systematical error: Take the estimates for σ from the pair L = 16, 32 and from the pair L = 32, 64 and compute the difference. Take this as the systematic error of the interface tension determined with the fit method. For the two examples studied in table 8 we conclude that for β = 0.45 the systematic error is smaller than the statistical error. For β = 0.402359 we arrive at σ/(2β) = 0.84487(3).
In figures 4 and 5 we show the comparison of the Monte Carlo results for the two β values quoted above 4 with the truncated series and the Padé approximations. The Padés were not performed directly for the series for σ but (as in [4] ) for the quantity Q(u) = u exp(2σ).
The conclusions are similar to the ones for the surface energy. Figure 5 demonstrates the trap one can get into when the series is too short. Shaw and Fisher might have been misled by the convergence and consistency of the Padé and differential approximants at order 9 and concluded that the interface tension could well be approximated by Padés of ninth order for temperatures below the roughening temperature. The now longer series shows that this is a wrong conclusion. Note that the Padés seem to converge again at the by now highest available order. But still, the value is definitely off from our Monte Carlo estimate. Shaw and Fisher pointed out that the use of inhomogeneous differential approximants [33] might be superior to using Padés. In fact, these approximants generalize Padés and are suitable to deal with functions that have a critical behavior like ∼ A(x)(x − x c ) −γ + B(x). Note, however, that the singularity of the free energy of the Ising interface is not of this type. Table 10 shows the results obtained by evaluating inhomogeneous differential approximants for σ/(2β) at β = 0.402359 which corresponds to u = 0.2. Like Shaw and Fisher, we computed the approximant for the quantity Q(u) defined above and then took the logarithm. We here only discuss the order 9 and order 17 approximants. The order 9 approximants are fairly stable, however yield too small results (as the Padé approximants of this order do). Recall that the Monte Carlo estimate for this β-value is σ/(2β) = 0.84487(3). The order 17 approximants are also fairly stable, however, they now overshoot the Monte Carlo estimate definitely. We conclude that using inhomogeneous differential approximants does not cure the problem (as was to be expected). The analysis of the surface tension at β = 0.4074 leads to a similar result.
In fig. 6 we compare our results for the surface tension with the whole range approximant of Fisher et al. [34, 4, 35] in the β-range 0.35 − 0.50. The approximant provided by Fisher and Wen [34] is obtained as discussed in ref. [4] . In addition the critical amplitude of the surface tension is fixed to the value given by Mon [36] . The mismatch of the two curves can be explained by the failure of the approximants to the low temperature series of order 9 at u = 0. 20 . The surface tension at u = 0.20 is underestimated and since the surface energy is overestimated the gap between the two curves increases with decreasing β.
For β-values close to the bulk critical temperature the Monte Carlo result and the interpolation are consistent again. This fact confirms the validity of the result for the surface tension amplitude obtained by Mon [36] .
The Specific Heat
The specific heat of models undergoing a KT phase transition was investigated in a number of Monte Carlo studies. For the XY model a peak of the specific heat is found, which is located in the massive phase of the model at about 0.9β c , see e.g. refs. [37, 38, 39] . Swendsen [40] also found a peak of the specific heat for the DGSOS and ASOS models in the massive (smooth) phase of the models. For the BCSOS model (or F-model) that is an SOS model with the constraint that two neighboring height variables must differ by +1 or -1, the specific heat can be computed exactly (chapter 8 in the book of Baxter [41] ). The peak of the specific heat lies clearly in the massive phase.
In contrast to these findings, Shaw and Fisher [4] arrive at the conclusion (based on their series analysis) that the peak of the specific heat of the 3D Ising interface is located in the massless (rough) phase.
The position of the specific heat peak is, of course, not a universal feature of the KT transition since the specific heat stays finite for all temperatures. However, the ASOS model is supposed to approximate the Ising interface at the roughening transition even quantitatively quite well. Hence it would be quite surprising if the specific heat peak of the Ising interface should be in the massless phase while that of the ASOS model is located in the massive phase.
We computed the derivative of the surface energy with respect to the inverse temperature β from finite differences of the energy. The results for L = 8, 16, 32 and 64 are given in fig. 7 . For comparison we give the truncated series result for order 12 and 17. For the lattices of size L = 16, 32 and 64 the derivative of the energy clearly exhibits a peak for β ∼ 0.43 > β r . The peak of the specific heat C = − 1 T 2 dE dβ itself is even slightly deeper in the massless phase. This is in contradiction to the Shaw and Fisher result. The peak height still increases considerable for L = 64 compared to L = 32. This fact indicates that length scales of order 10 lattice spacings are largely involved in the generation of the specific heat peak. On the other hand the correlation length at β = 0.43 is finite. It should be of order 100.
For β > 0.46 the derivative of the energy obtained from the 12 th and 17 th order truncated series are close together and reproduce the Monte Carlo result within error bars. The 12 th order truncated series contains only coefficients with positive sign and is hence increasing monotonically with increasing u. Obviously it cannot predict the peak of the specific heat. The situation is slightly different for the 17 th order truncated series. The curve displays a peak at β = 0.3747... deep in the massless phase, but obviously wrong.
One expects the low temperature series of the free energy to converge for β > β r . Hence in principle one should be able to obtain the specific heat peak accurately from the truncated series of sufficiently high order. However, since length scales of more than ten are involved one would have to compute diagrams of this extension.
ASOS Model
It is instructive to study the same questions in the SOS approximation. The motivation for this is twofold: First, the comparison of the results demonstrates that the problem studied is indeed due to the Kosterlitz-Thouless nature of the roughening transition. Furthermore, e.g. in the ASOS model it is much easier to get precise data for large L. Table 11 shows our Monte Carlo results for the energy of the ASOS model as introduced in section 2. The data were obtained with the help of the VMR algorithm. Every single simulation consisted of at least 20 000 updates.
In table 9 we quote the coefficients of the low temperature expansion of the free energy per area for the ASOS model. The expansion variable is u = exp(−4β Ising ), with β Ising = β ASOS /2. The series is
The coefficients a n with n ≤ 9 are due to Weeks et al. (cited in [4] ). We extended this series to order 12, using a technique due to Arisue and Fujiwara [31, 5] . Our result for the ninth order is at odds with the result cited in [4] , where a 9 = 3185/3 is quoted. We used our own value in what follows.
It is interesting to note that the series (like the corresponding Ising series) has a characteristic change of sign in the coefficients. From the series for the free energy one easily obtains the series for the energy per area. Figures 8 and 9 compare again our Monte Carlo results with the truncated series and with Padé approximants of increasing order. The observations are essentially the same as for the Ising model. Since we extended the series beyond the order where the change of sign takes place we can observe the Padé approximants becoming unstable around this order.
Conclusions
In this paper, we presented a comparison of Monte Carlo results for interface properties with low temperature series. We took the obvious discrepancy between the methods as a motivation to improve confidence in the Monte Carlo estimates by providing a detailed study of possible systematic errors.
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